T h e usual J W K B ray-theoretical description of Love a n d Rayleigh surface wave propagation on a smooth, laterally heterogeneous earth model breaks down in the vicinity of caustics, near the source and its antipode. In this paper we use Maslov theory t o obtain a representation of the wavefield that is valid everywhere, even in the presence of caustics. T h e surface wave trajectories lie o n a 3-D manifold in 4-D phase space (0, @, k e , k,), where 0 is the colatitude, @ is the longitude, and k , and k, are the covariant components of the wave vector. There are no caustics in phase space; it is only when the rays are projected onto configuration space (0, @), the mixed spaces (k,, @) and (0, k @ ) , or momentum space (k,, k,), that caustics occur. T h e essential strategy is t o employ a mixed-space o r momentum-space representation in the vicinity of configuration-space caustics, where the (0, @) representation fails. By this means we obtain a uniformly valid Green's tensor and an explicit asymptotic expression for the surface wave response to a moment tensor source.
INTRODUCTION
In a previous publication, Tromp & Dahlen (1992a) , we presented a frequency-domain JWKB theory for the propagation of surface waves on a smooth, laterally slowly varying earth model. The disadvantage of this JWKB theory is that it breaks down in the vicinity of caustics, where neighbouring rays cross. Long-period surface wave caustics occur in the vicinity of the antipode, where G1 and G2 or R1 and R2 coincide, and in the vicinity of the source, where G2 and G3 or R2 and R3 coincide, and so on. Fig. 1 (top) shows a family of rays shot at 6" intervals from a source situated on the equator and the Greenwich meridian. The phase velocity distribution is that sampled by 150s fundamental mode Rayleigh waves (0S60) on earth model M84A (Woodhouse & Dziewonski 1984) . The first orbit of the rays shot toward the east is shown on the right, and the first orbit of the rays shot toward the west is shown on the left. The caustics in the vicinity of the antipode and the source are evident; half of each caustic appears on the right, whereas the other half appears on the left. It is remarkable that even the Rl-R2 caustic region occupies a substantial fraction of the Earth's surface; several cusps extend out to more than 30" away from the antipode, Wang et af. (1993) .
The purpose of this paper is to present a uniformly valid asymptotic representation of the surface wavefield on a smooth, laterally slowly varying earth model, based upon Maslov theory (Maslov 1972; Maslov & Fedoriuk 1981) . The resulting theory is the surface wave analogue of the JWKB-Maslov theory used to synthesize body wave seismograms in laterally homogeneous as well as laterally heterogeneous earth models (Chapman & Drummond 1982; Thomson & Chapman 1985) . The surface wave ray geometry is determined by a system of four first-order ordinary differential equations in phase space (0, @, k,, k , ) ; the quantities 0 and @ are the colatitude and longitude of a point on the ray, and k , and k , are the covariant components of the wave vector. There are no caustics in phase space; they are artefacts of projecting the rays onto a 2-D space. We are accustomed to monitoring surface wave trajectories in configuration space (8, @) ; however, we can also project the rays in phase space onto the mixed spaces (k,, @) and (0, k * ) , or onto momentum space ( k , , k @ ) . Fig. 1 (bottom) is an example of a projection onto the mixed space ( k , , @). The rays in the top and bottom of Fig. 1 correspond to the same trajectories in phase space, they are just different projections of the same (Woodhouse & Dziewonski 1984) . The first orbit of the rays shot toward the east is shown on the right, and the first orbit of the rays shot toward the west is shown on the left. (b) Projection of the trajectories in phase space onto the mixed space (k,,, @). The rays in the top and bottom of this figure correspond to the same trajectories in phase space, they are just different projections of the same manifold. The mixed-space caustics occur at @ = f90", f270", etc., well away from the configuration-space caustics at @ = f 180", f360", etc.
ray manifold. Fig. 2 shows a bird's-eye view of the complete Rl-R2 antipodal caustic in configuration space and projections of the rays in phase space onto both of the mixed spaces ( k H , @) and (0, k + ) . Upon comparing the trajectories, we make the important observation that, at least for the first few orbits of long-period surface waves, caustics in configuration space (0, @) and caustics in the mixed spaces ( k H , @) and (0, k @ ) d o not coincide. An idea extensively exploited by Maslov (Maslov 1972; Maslov & Fedoriuk 1981) is to switch from a configurationspace representation of the wavefield to a mixed-space or momentum-space representation of the wavefield in the vicinity of a configuration-space caustic. This paper is concerned with the mathematical implementation of this technique; the theory will enable us to calculate synthetic long-period surface wave seismograms anywhere on the surface of the Earth, including in the vicinity of configuration-space caustics.
POTENTIAL REPRESENTATION
We begin by briefly reviewing a uniformly valid potential representation of surface wave propagation on a smooth, laterally heterogeneous earth model presented by . This representation in terms of Love and Rayleigh wave scalar potentials forms the basis of our Maslov analysis.
We assume that the earth model changes slowly in the lateral direction, such that if I. is a typical surface wavelength and A is a length scale of the lateral heterogeneity, then E = A/A is a small parameter. In that case, the complex displacement field u in the frequency domain can be written in the form
where the Love wave part uL is given by
and the Rayleigh wave part uR is given by
Here V, is the surface gradient operator on the unit sphere, defined by v = $9, + r -' V , .
(1.4)
The local radial eigenfunctions U , V and W are the eigenfunctions of a spherically symmetric earth model whose properties are everywhere equal to those at i; the associated eigenvalues are the slowly varying local Love and Rayleigh wavenumbers k , and k,. For either Love or Rayleigh waves and at every location i the local radial eigenfunctions are normalized according to 5) where c is the local phase velocity, C is the local group a',x + cot 6 3 ,~ + sin-* 0a;x + k2( 6, @)x = 0.
(1.9)
First, we perform a JWKB analysis of eq. (1.9). This JWKB theory breaks down in the vicinity of configuration-space caustics near the source and its antipode, where neighbouring rays cross. Next, we use Maslov theory to obtain an asymptotic representation of the wavefield in the vicinity of a configuration-space caustic. In a series of papers Dahlen 1992a and b, 1993) closely related to the present paper we investigated surface wave propagation on a laterally heterogeneous earth model based upon variational principles. To complete our variational analysis of surface wave propagation in laterally slowly varying earth models we present a Maslov analysis of surface wave propagation based upon variational principles in the appendix.
J W K B T H E O R Y
Our JWKB ansatz for the surface wave potential is
where A is a slowly varying amplitude and I$ is a rapidly varying phase. We define the slowly varying wave vector k in terms of the phase I$ by
The quantities k , and k , are the covariant components of the wave vector, given by
Substitution of the JWKB ansatz (2.1) into the spherical Helmholtz eq. (1.9) yields, to lowest order in E , the eikonal equation
and, to first order in E , the transport equation
We proceed to discuss the eikonal eq. (2.4) and the transport eq. (2.5) separately in the next two sections. 
Ray tracing
The initial conditions for a ray that emanates from a point source located at ( 0 5 , @J in a direction cs, as shown in the manifold is defined by the eikonal equation
For a given source, every point on the manifold is associated with one and only one trajectory, as a consequence of Liouville's theorem for Hamiltonian systems (Arnold 1989; Goldstein 1980; Thomson & Chapman 1985) . It is only when we project the rays in phase space (0, @, k,, k,) onto configuration space (0, $), the mixed spaces ( k H , 4) or (0, k # ) , or momentum space ( k H , k,), that caustics or ray envelopes occur. We will see in the next section that the configuration-space amplitude A( 0, 9) is singular in the neighbourhood of a configuration-space caustic.
The rate of change of the phase I ) along a ray is given by (2.14)
This equation can be integrated along a ray with the result
(2.15)
Throughout this paper it will be convenient to assume that the JWKB phase is given by (2.15); any initial phase qs due to the source will be incorporated in the complex excitation amplitude.
Amplitude variation
In this section we consider the variation in amplitude along a ray in configuration space (0, $). Using the ray eqs (2.8) and (2.9), the transport eq. (2.5) can be written along a ray in the form
We can solve (2.16) with the aid of Smirnov's lemma (Smirnov 1964; Thomson & Chapman 1985) , which in this case takes the form 
It follows that the variation in amplitude along a ray in configuration space is given by
where A, is a complex constant which is determined by the characteristics of the source; as noted above, we assume that the complex constant A, incorporates any initial source phase 3,. Eq. (2.21) implies that the configuration-space amplitude A ( 0 , $) is singular wherever J ( 0 , $) sin 0 = 0; such points are caustics, or envelopes of the rays in configuration space (0, 4). We have already observed in Fig. 1 that configuration-space caustics and caustics in the mixed space (k,, $) d o not coincide. Based upon this observation we will consider amplitude variations in spaces other than configuration space in Section 3. First, however, we present a recipe for calculating the configuration-space Jacobian J ( 0 , $); a more efficient method for calculating J ( 0 , $) is discussed in Section 7.
Calculation of the Jacobian
In addition 
Projection onto the mixed space ( k e , $)
In this section we seek a solution t o the spherical Helmholtz eq. (1.9) of the form source at (8\, @J until its longitude @ is equal t o that of the receiver at (0, @). The corresponding colatitude at this location in phase space is 0 * , and the 8 component of the wave vector is k,. For a given caustic, there are only two values of k , for which 8 % = 8; these correspond to the two geometric rays that connect the source and receiver (G1 and G2 or R1 and R2 in the vicinity of the first antipodal caustic, etc.). The phase q ( O * , @) is obtained by integrating the local wave number along the ray from the source (O,, @J to each point ( 8 * , @) using eq. (2.15). The representation (3.2) has the form of a Fourier transformation with respect to the 8-component of the wavevector, k,. Such representations of the wavefield in the vicinity of a configuration-space caustic have been extensively studied by Maslov (Maslov 1972; Maslov & Fedoriuk 1981) ; from now on we refer to an ansatz of this form as a Maslov ansatz.
We seek to determine the mixed-space amplitude A(k,, @). To begin with, we require that, away from caustics in both configuration space (8, @) and the mixed space ( k e , @), the Maslov ansatz (3.2) reduces t o the JWKB ansatz (2.1). Upon evaluating the integral in (3.2) by the method of stationary phase (Whitham 1974; Lighthill 1978) , we obtain
(3.5) The sum over rays consists of two terms corresponding to the geometrical rays (G1 and G2 or R1 and R2, etc.) . The stationary phase condition
selects the values of k , corresponding to the geometric rays. At the stationary phase points 8* = 8 the Maslov phase Y(8, @, k , ) is equal to the JWKB phase q ( 8 , @), as required. Upon comparing (3.5) with the JWKB ansatz (2.1) we obtain the following relation between the amplitude (3.7) indicates that the portion of the wavefront that has passed through the configurationspace caustic is retarded in phase by n / 2 relative to the portion that has not passed through the caustic. For this reason the JWKB phase q in (2.15) is retarded by n / 2 upon every passage of a configuration-space trajectory through a configuration-space caustic (Tromp & Dahlen 1992a ). Substituting the JWKB amplitude A(8, @) given by (2.21) into (3.7) we obtain
(3.8)
The factor (dk,8*11/2 cancels the singularity J-'/2(8*, Cp) in the configuration-space amplitude A(O*, @). As a result, the mixed-space Jacobian is non-zero in the neighbourhood of configuration-space caustics; it vanishes instead in the vicinity of caustics in the mixed space ( k , , @). It is noteworthy that calculation of the mixed-space Jacobian J(k,, @) requires no more work than calculation of the configuration-space Jacobian J( 8, @) because the partial derivatives (dO/dc,),,, (d@/dc,),,, (dk,/dc,), and (dk,/dc,) ,, are all determined at the same time from eqs (2.22)-(2.25). What remains to be verified IS that the Maslov ansatz Using these identities it is straightforward to show that, for any function f( 8, @),
(3.13) correct to first order in E . Substituting the ansatz (3.2) into the spherical Helmholtz eq. (1.9) and using (3.13), we obtain
(3.14)
The first integral in eq. (3.14) is of order one and the second integral is of order E ; terms of higher order in E have been neglected. Upon multiplying (3.14) by exp ( -i k h 8 ) and integrating over 8, using the identity The ray-tracing equations defined by the eikonal eq. (3.16) are given by (2.8)-(2.11), with 8 replaced by 8*, as expected. Using these equations we can write the mixed-space transport eq. (3.17) along a ray in the form ((3, k,) Next we consider the projection of the rays in phase space (8, # , k H , k,) onto the mixed space (0, k,). O n a spherically symmetric earth model the @ component of the wavevector, k,, is a constant along a ray; this can be verified by consulting the ray-tracing eq. (2.11). O n a laterally heterogeneous earth model such as M84A (Woodhouse & Dziewonski 1984) this is no longer the case, although the value of k , still does not change very much along a given ray, as shown in Fig. 2 . It is important to notice that the rays in the mixed space (0, k,) are roughly parallel in the vicinity of a configuration-space caustic. Based upon this observation we consider amplitude variations in the mixed space (0, k , ) in the neighbourhood of a configuration-space caustic.
Projection onto the mixed space
In this case, we make the Maslov ansatz The sum over rays in (3.26) like (3.5) corresponds to the two geometrical rays. The stationary phase points k , = k , ( 0 , @) are determined by the equation
The Maslov phase Y(0, 4, k , ) is equal to the JWKB phase q ( 0 , @) at the stationary points 4 * == @, as required. The Jacobian is non-zero in the vicinity of caustics in configuration space; like J ( k , , @), it can be calculated by solving the four coupled ordinary differential eqs (2.22)-(2.25) where the first integral is of order one and the second integral is of order E. Upon multiplying (3.32) by exp (-ik;rp) and integrating over @, we obtain t o lowest order the eikonal equation The ray-tracing equations defined by the eikonal eq. (3.33) are given by (2.8)-(2.11) with # replaced by #*; the transport eq. (3.17) can be rewritten along a ray in the form
Using the appropriate form of Smirnov's lemma which states that 
U N I F O R M L Y V A L I D R E P R E S E N T A T I O N
U p to this point we have considered asymptotic wavefields in the vicinity of a single caustic. From now on we will consider the complete solution that takes all the caustics in to account. We have obtained three asymptotic solutions to the spherical Helmholtz equation, each of which has a limited validity due to the presence of caustics. The first of these is the JWKB configuration-space representation which is obtained by substituting (2.21) into (2.1) with the result Unfortunately, the contribution to the wavefield (4.4) of configuration-space trajectories that are nearly tangent to the meridian through the receiver location (8, fp) cannot be determined because the intercept colatitude B*(k,, fp) is undefined, as shown in Fig. 6 . For the source-receiver combination in Fig. 1 this corresponds to the rays passing near the poles. In this case, contributions to the wavefield (4.6) of rays in configuration space that are nearly tangent to the parallel through the receiver location (8, fp) cannot be determined because the intercept longitude fp*(@, k @ ) is undefined, as shown in Fig. 7 . This corresponds to the rays travelling in the vicinity of the equator in Fig. 1 . Following Maslov (1972) v2(B, #) and q3(8, fp) . The function r ] , weighs the JWKB solution (4.1), v2 weighs the contributions (4.4) t o the Maslov solution (4.3), and 77, weighs the contributions (4.6) to the Maslov solution (4.5). A weight of one is assigned in regions where the corresponding asymptotic solution is valid, whereas a weight of zero is assigned where it is invalid. At every point along every ray the weighting functions satisfy the relation The weighting functions taper smoothly between one and zero at boundaries between the regions. The exact form of the functions at the boundaries is unimportant because more than one asymptotic solution is valid there.
Using the weighting functions, we combine the asymptotic solutions (4.1), (4.3) and (4.5) to obtain a uniformly valid solution to the spherical Helmholtz eq. (1.9):
The values of the weighting functions r ] ] , q2, r ] , are determined by monitoring the values of the associated Jacobians; when the value of a particular Jacobian becomes small relative to the other Jacobians at a given location (8, fp), the associated weighting function is reduced to zero.
So far we have not considered a projection of the rays in phase space onto momentum space ( k H , k,). We believe that the result (4.8) should be sufficiently accurate for all practical purposes. However, should there be any reason to consider a projection of the rays in phase space onto geometric ray / ray nearly tangent to parallel The Jacobian (4.10)
The JWKB Green's function Gbphcr(ir is) on a spherically symmetric earth model is given by (Dahlen 1980; Snieder & Nolet 1987) Gspher = orb,ts c 8nk sin A where k is the constant wavenumber and A is the angular arclength along the ray. For the JWKB Green's function G(i, is) on a laterally heterogeneous earth model we make the ansatz
To determine A,, we follow the approach of Kendall, Guest & Thomson (1992) . In the neighbourhood of the source the earth model can be considered laterally homogeneous. In this region eqs (5.3) and (5.4) should be equivalent. Close to the source we make the following approximations goes to zero in the vicinity of caustics in momentum space. The phase Y in (4.10) is given by
Notice that the momentum-space Maslov representation (4.9) involves a double integration over all rays. The function v4 weighs the contribution of x4 to the uniformly valid representation (4.9). In this case, the relation (4.7) should be replaced by r l l + rlz + v n + r14 = 1.
(4.13)
GREEN'S FUNCTION
In this section we derive the uniformly valid Green's function G(i, i,) which satisfies the inhomogeneous spherical Helmholtz equation
The notation i = (8, @) and i, = (Q,, 4%) is introduced for convenience. The quantity 6(i, i,) is the Dirac delta distribution on the unit sphere Q, with the replication property
for any sufficiently smooth function f(i). We find the uniformly valid Green's function by matching the JWKB Green's function on a spherically symmetric earth model to that on a laterally heterogeneous earth model in the neighbourhood of the source, where both representations are equivalent. This determines the complex constant A, in (4.2), (4.4) and (4.6).
(zIv== -ksv cos 5, ---A cos c\, The corresponding uniformly valid Green's function is given by G@, is) =   [ vlGl(i, i,) + v2 fG(i, i,, k H G(i, is, k , ) The quantity S is the geometrical spreading factor, which is defined in terms of the infinitesimal width dw of a ray tube by (Woodhouse & Wong 1986) 
Upon comparing (5.18) with (5.13), we deduce that the geometrical spreading factor S(i, is) and the configurationspace Jacobian J ( O , @) are related to each other by (5.23)
GREEN'S TENSOR A N D EXCITATION B Y A MOMENT TENSOR S O U R C E
At this point, we turn our attention from the scalar potentials xL and xR to the vector displacement fields u, and uR. demonstrate that the surface wave Green's tensor G is given in terms of the Green's function G by
1) for Rayleigh waves.
for Love waves, and we use the notation r = ri = ( r , 8, @) and r, = r$, = (rsr O,, 4,) for brevity; the quantity denotes the surface gradient with respect to the source coordinates is. Substituting the Green's function (5.15) into (6.1) and (6.2), and ignoring higher order terms in E , we obtain the uniformly valid Green's tensor In (6.5) and (6.8) we use the notation i* = ( 8 * , @), r* = ** = ( r , O*, @), whereas in (6.6) and (6.9) we have f * = ( 6 , $*), r* = ri* = (r, 0, @*); this reflects the fact that we are integrating over contributions to the displacement field from neighbouring rays in (6.3). The Green's tensor (6.3) gives the response to a single Love or Rayleigh wave overtone branch; the complete surface wave response involves another summation over all the overtone branches. Finally, we consider excitation by an earthquake source. The body force equivalent to the earthquake is whereas for Rayleigh waves (6.17)
The Love and Rayleigh strain tensors E are given by + $(art' -r-'V + r-'kU)(ik + ki), (6.19) respectively; the dagger t denotes complex conjugation.
P R A C T I C A L C O N S I D E R A T I O N S
We conclude by discussing the practical implementation of the theory in this paper. To begin with, we demonstrate that surface wave trajectories and amplitudes can be obtained by solving a system of four rather than eight ordinary differential equations. Let us introduce the angle < measured counter-clockwise from east, such that at every point along every ray k = -k s i n 5 @ + k c o s c a & (7.1)
The covariant components of the wavevector k, and k, are given in terms of 5 by k, = -k sin 5, k, = k cos 5 sin 8.
Using eq. (7.2), the ray-tracing eqs (2.8)-(2.11) can be reduced to a system of three ordinary differential equations for 8, @ and <:
--k sin <,
%= -cos cd,k -sin < sin-' 83,k -k cos <cot 0. (7.5) dv Eqs (7.3)-(7.5) are equivalent to eq. (13.9) of Aki & Richards (1980) ; their ray tracing equations are in terms of the traveltime t which is related to the generating parameter v and the angular arclength A by
where C is the local group velocity. Eqs (7.3)-(7.5) can be solved subject to the initial conditions
To reduce the number of ray tracing equations even further, we eliminate the generating parameter v from the ray tracing eqs (7.3)-(7.5) using eq. (7.4), and consider 8 ( @ ) and C(@). This leads to a system of two ordinary differential equations:
where c is the local phase velocity. These equations have a unique solution for a given set of initial conditions of the form 0(@J = 8,.
<(@J = 5s (7.10)
The ray tracing eqs (7.8) and (7.9) are identical to eq. (33) of Woodhouse & Wong (1986) ; their result is a single second-order differential equation for cot 8. The amplitude of the displacement field is determined by the configuration-space Jacobian J ( 0, @) and the mixedspace Jacobians J(k,, @) and J(8, k,). To calculate these Jacobians we need to know the partial derivatives (aO/aC,), and ( a~/ a~, ) , along every trajectory. These partial derivatives can be obtained by differentiating the ray tracing eqs (7.8) and (7.9) and the initial conditions (7.10) with respect to the take-off angle 5,. This leads to another system of two ordinary differential equations, namely (7.11) (7.12) J(k,, @) = k' J ( 0 , k,) = k 2 which must be solved subject to the initial conditions cos2 5 sin-' sin' <sin 0 (7.13) Eqs (7.11) and (7.12) are identical to eq. (38) (/a[,) , the configurationspace Jacobian (2.18) and mixed-space Jacobians (3.9) and (7.14) (7.15) (7.16) It is noteworthy that all three Jacobians J ( O , @), J ( k , , @) and J ( 8 , k + ) can be calculated from the knowledge of 0(@), factor k , which they ignore, the configuration space Jacobian J ( 0 , @) given by (7.14) is identical to eq. (36) of Woodhouse & Wong (1986) .
In the vicinity of a configuration-space caustic (aO/ac,), --0; in that case the mixed space Jacobians In implementing the above algorithm, it is convenient to rotate the earth model so that the rays always lie in the vicinity of the equator, because eqs (7.8), (7.9), (7.11) and (7.12) are not well behaved for rays which pass close to the poles. Several such rotations will be necessary to trace all the rays leaving the source: 0 5 ts 5 2n.
The geometrical rays G1, G2,. . . or R1, R 2 , . . . can be traced using the shooting method (Julian & Gubbins 1977; Woodhouse & Wong 1986) . If the earth model is rotated so that both the source and receiver lie exactly on the equator, the two-point boundary conditions become 0(@,) = = n/2. (7.20)
The best guess for the initial take-off angle 5, is then (Woodhouse & Wong 1986) 
, .
The excitation of the displacement field along every ray is calculated by contracting the moment tensor M ( w ) with the complex conjugate of the source-strain tensor Et(r,) for all take-off angles 5,. To calculate (5.16) and (5.17) we need t o keep track of the phase retardation terms sgn (a8*/dk,) and sgn ( d @ * / a k , ) , respectively. The sign of d 0 * / d k , can be determined by monitoring the change in the value of O* for a small change in the value of k , while integrating over rays, whereas the sign of d@*/ak, can be determined by monitoring the change in @* for a small change in k,. The vector character of the displacement field along a given ray at a location r is determined by -i i X k ( i ) W ( r ) for Love waves, whereas for Rayleigh waves it is determined by
U(r)i + &(i)v(r).
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A P P E N D I X : V A R I A T I O N A L A P P R O A C H
In a series of papers Dahlen 1992a and b, 1993) closely related to the present paper we investigated surface wave propagation in a laterally heterogeneous earth model based upon variational principles. To complete our uniformly valid asymptotic analysis of surface wave propagation in laterally slowly varying earth models we present in this appendix 2 Maslov analysis of surface wave propagation based upon variational principles in configuration space, mixed space, and momentum space. A flat earth version of the theory presented here is discussed in more detail by .
Let us introduce the action where the dagger t denotes complex conjugation and where C2 denotes the unit sphere. The Lagrangian density L is defined by
The requirement that the action I be stationary with respect to small variations 62 leads to the variational principle The last two equations are the eikonal eq. (2.4) and the configuration-space transport eq. (2.5).
In the vicinity of a configuration-space caustic the configuration-space amplitude is not defined. In this case we can project the rays in phase space onto the mixed space 
The slowly varying mixed-space Lagrangian density 9 is 
